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ON LITTLEWOOD’S BOUNDEDNESS PROBLEM
FOR SUBLINEAR DUFFING EQUATIONS

BIN LIU

Abstract. In this paper, we are concerned with the boundedness of all the
solutions and the existence of quasi-periodic solutions for second order differ-
ential equations

x′′ + g(x) = e(t),

where the 1-periodic function e(t) is a smooth function and g(x) satisfies sub-
linearity:

sign(x) · g(x)→ +∞, g(x)/x→ 0 as |x| → +∞.

1. Introduction

In this paper, we will investigate the boundedness of all solutions of the conser-
vative system

x′′ + g(x) = e(t), ( ′ =
d

dt
)(1.1)

where e(t) is 1-periodic in t.
As one of the simplest but non-trivial conservative systems, Eq. (1.1) has been

widely studied for a long time. For example, many authors studied the existence
and multiplicity of periodic solutions by various methods, such as, critical point
theory, phase-plane analysis combined with the shooting methods or fixed point
theorems of planar homeomorphisms and continuation methods based on degree
theory.

In the early 60’s, Littlewood [6] proposed to study the boundedness of all the
solutions of (1.1) in the following two cases:

(1) Superlinear case: g(x)/x→ +∞ as x→ ±∞;
(2) Sublinear case: sign(x) · g(x)→ +∞ and g(x)/x→ 0 as x→ ±∞.
The first result in the superlinear case is due to Morris [11], who proved that all

solutions of

x′′ + 2x3 = e(t)

are bounded, where e(t) ∈ C0. Subsequently, this result was extended to the more
general case by several authors, we refer to [2], [4], [5], [7], [16] and references
therein.
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Recently, the boundedness of solutions for the following simple equation

x′′ + |x|α−1x = e(t),

has been studied in [3] and [8], where 0 < α < 1. They proved that every solution
is bounded if e(t) = e(t + 1) is a smooth function. As far as we know, this is only
one example in sublinear case.

In what follows, we denote by G(x) the integral of g(x) with G(0) = 0. That is,

G(x) =
∫ x

0

g(s)ds.(1.2)

We also denote by c < 1 and C > 1, respectively, two universal positive constants
not concerning their quantities.

The main result of this paper is the following

Theorem 1. Assume that e(t) ∈ C5 is 1-periodic in t, the smooth function g(x) ∈
C6(R) satisfies that for all x 6= 0,

(i) xg(x) > 0 and there are two positive constants σ1, σ2

σ1 ≤
G(x)G′′(x)
g2(x)

≤ 1
2
− σ2;(1.3)

(ii) ∣∣∣∣xk dkdxkG(x)
∣∣∣∣ ≤ C ·G(x), for k ≤ 7.(1.4)

(iii) c ·G(x) ≤ G(−x) ≤ C ·G(x).
Then every solution of (1.1) is bounded, i.e., if x = x(t) is a solution of (1.1),

then it is defined in (−∞,+∞) and

sup
t∈R

(|x(t)| + |x′(t)|) < +∞.

Remark 1. The assumptions on g(x) in (i), (ii) and (iii) can be weakened to require
that they hold for |x| ≥ d for any fixed constant d > 0.

Remark 2. From the conditions (i) and (ii), it is easy to see that

0 ≤ g′(x) ≤ C, g′(x)→ 0 as |x| → ∞,(1.5)

sign(x) · g(x)→ +∞, G(x)/x2 → 0 as |x| → +∞,(1.6)

xg(x) ≥ G(x), x2g′(x) ≥ c ·G(x).(1.7)

Remark 3. The inequalities in (1.3) and (1.4) are similar to those in [5, (1.2), (1.3)].
We would like to point out that there are also some delicate estimates in [5], which
will be used in our proof.

Example. Every solution of the equation

x′′ +
x

(1 + x2)1/3
= cos 2πt

is bounded.
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The rest of the paper is organized as follows. Some technical lemmas which are
useful for our proof are stated in §2 and §3. We will give the proof of Theorem 1
in §4 and another theorem about the existence of quasi-periodic solutions, Aubry-
Mather set and unlinked periodic solutions.

The idea for proving the boundedness of solutions of Eq. (1.1) is as follows. By
means of transformation theory, (1.1) is, outside of a large disc D = {(x, x′) ∈ R2 :
x2 +x′

2 ≤ r2} in the (x, x′)-plane, transformed into a perturbation of an integrable
Hamiltonian system. The Poincaré map of the transformed system is close to a so-
called twist map in R2\D. Then Moser’s twist theorem [13] guarantees the existence
of arbitrarily large invariant curves diffeomorphic to circles and surrounding the
origin in the (x, x′)-plane. Every such curve is the base of a time-periodic and flow-
invariant cylinder in the extended phase space (x, x′, t) ∈ R2 × R, which confines
the solutions in the interior and which leads to a bound of these solutions.

2. Action-angle variables and some estimates

In this section, we first introduce action-angle variables for Eq. (1.1) and then
state some technical lemmas which will be used in the proofs of our main result.

Because of Remark 1, without loss of generality and for brevity of arguments,
we assume that the average value of e(t) vanishes, i.e.,∫ 1

0

e(t)dt = 0.1

Hence the function

E(t) =
∫ t

0

e(s)ds

is also 1-periodic in t and is in C6.
Eq. (1.1) is equivalent to the planar Hamiltonian system

x′ =
∂h

∂y
(x, y, t), y′ = −∂h

∂x
(x, y, t),(2.1)

where

h(x, y, t) =
1
2
y2 +G(x) + yE(t).

Consider an auxiliary autonomous system

x′ = y, y′ = −g(x),(2.2)

which is an integrable Hamiltonian system with Hamiltonian function

H(x, y) =
1
2
y2 +G(x).

The closed curves H(x, y) = h > 0 are just the integral curves of (2.2). It is well
known from [1] that (2.2) has action and angle variables (I, θ). Now we give an
explicit form of them.

Denote by T (h) the time period of the integral curve Γh of (2.2) defined by
H(x, y) = h and by I, the area surrounded by the closed curve Γh. Then

I =
∮
H(x,y)=h

ydx := J0(h).

1In fact, if
∫ 1
0 e(t)dt 6= 0, we can use g̃(x) = g(x)−

∫ 1
0 e(t)dt instead of g(x). It is easy to verify

that g̃(x) satisfies all the conditions of Theorem 1 for any |x| ≥ d with some positive constant d.
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Denote by G−1
+ and G−1

− the right and left inverse of G, respectively. Assume
(x+, 0) and (x−, 0) are the intersection points of Γh with x-axis, i.e.,

x− = G−1
− (h) < 0 < G−1

+ (h) = x+.

By the symmetry condition (iii) of Theorem 1, we have

1 ≤ max{G−1
+ (h), |G−1

− (h)|}
min{G−1

+ (h), |G−1
− (h)|}

≤ C.(2.3)

It is easy to see that

J0(h) = 2
∫ x+

x−

√
2(h−G(s))ds, T (h) = 2

∫ x+

x−

1√
2(h−G(s))

ds.(2.4)

For any (x, y) ∈ R2, set h = 1
2y

2 + G(x). We define the generating function
S(x, I),

S(x, I) =
∫
C
ydx,

where C is the part of the level curve Γh : H(x, y) = h connecting the y-axis with
the point (x, y), oriented clockwise and h = J−1

0 (I). This defines S up to an integer
multiple of I, the area of the domain surrounded by the closed curve Γh. We define
the map (θ, I) 7→ (x, y) by

y =
∂S

∂x
(x, I), θ =

∂S

∂I
(x, I),(2.5)

which is well-known to be symplectic because

dx ∧ dy = SxIdx ∧ dI = dθ ∧ dI.

Eq. (2.2) in the new coordinates (θ, I) is also a Hamiltonian system with the
new Hamiltonian function

h0(θ, I) = J−1
0 (I).

Under this symplectic map, the system (2.1) becomes

I ′ = −∂%
∂θ

(θ, I, t), θ′ =
∂%

∂I
(θ, I, t),(2.6)

where

%(θ, I, t) = J−1
0 (I) + y(θ, I)E(t) := J−1

0 (I) +H1(θ, I, t)(2.7)

with (x, y) = (x(θ, I), y(θ, I)) defined implicitly by (2.5).
In the following, we state some lemmas which will be used in §3 and §4.

Lemma 2.1. The following inequalities hold:
√

2h · (G−1
+ (h) + |G−1

− (h)|) ≤ J0(h) ≤ 2
√

2h · (G−1
+ (h) + |G−1

− (h)|),(2.8)

c · h−1 · J0(h) ≤ T (h) = J ′0(h) ≤ C · h−1 · J0(h),(2.9)

c · h−1J ′0(h) ≤ T ′(h) = J ′′0 (h) ≤ C · h−1J ′0(h).(2.10)

Moreover, J ′0(h)→ +∞ as h→ +∞.
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Proof. (1) One can prove the inequalities in (2.8) by comparing the area bounded
by Γh respectively with the area of the triangle or rectangle with sides

√
2h and

|G−1
± (h)|.
(2) From the definitions of J0(h) and T (h), it follows that

J ′0(h) = T (h).

On the other hand, we have

J ′0(h) =
2
h

∫ x+

x−

(
3
2
− G(ξ)G′′(ξ)

g2(ξ)

)√
2(h−G(ξ))dξ.(2.11)

In fact, let

J+
0 (h) = 2

∫ x+

0

√
2(h−G(ξ))dξ, J−0 (h) = 2

∫ 0

x−

√
2(h−G(ξ))dξ.

Then

J0(h) = J+
0 (h) + J−0 (h), J ′0(h) =

d

dh
J+

0 (h) +
d

dh
J−0 (h).

Let G(ξ) = sh. Then hdξ/dh = G(ξ)/g(ξ) and

J+
0 (h) = 2

∫ 1

0

hη

g(ξ)
ds

where η =
√

2(1− s)h. So we obtain

d

dh
J+

0 (h) = 2
∫ 1

0

ηg(ξ) + ηg(ξ)
2 − ηG′′(ξ)G(ξ)

g(ξ)

g2(ξ)
ds

=
2
h

∫ 1

0

(
3
2
− G(ξ)G′′(ξ)

g2(ξ)

)
· hη
g(ξ)

ds

=
2
h

∫ x+

0

(
3
2
− G(ξ)G′′(ξ)

g2(ξ)

)
·
√

2(h−G(ξ))dξ.

Similarly, one can prove

d

dh
J−0 (h) =

2
h

∫ 0

x−

(
3
2
− G(ξ)G′′(ξ)

g2(ξ)

)
·
√

2(h−G(ξ))dξ.

Hence

J ′0(h) =
2
h

∫ x+

x−

(
3
2
− G(ξ)G′′(ξ)

g2(ξ)

)
·
√

2(h−G(ξ))dξ.

By the condition (i) of Theorem 1, we have

(
3
2
− σ1)

1
h
· J0(h) ≥ T (h) = J ′0(h) ≥ (1 + σ2)

1
h
· J0(h),(2.12)

which yields that

C · h 3
2−σ1 ≥ J0(h) ≥ c · h1+σ2 .(2.13)

Hence,

C · h−1 · J0(h) ≥ T (h) = J ′0(h) ≥ c · h−1 · J0(h) ≥ c · hσ2 →∞
as h→ +∞.
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Using the same trick in computing J ′0(h), one can see that

J ′′0 (h) = T ′(h) =
2
h

∫ x+

x−

(
1
2
− G(ξ)G′′(ξ)

g2(ξ)

)
· 1√

2(h−G(ξ))
dξ.

Hence, by the condition (i) in Theorem 1, we have

c · h−1J ′0(h) = c · h−1T (h) ≤ J ′′0 (h) ≤ C · h−1T (h) = C · h−1J ′0(h).

The proof is finished.

Lemma 2.2. For k ≤ 7, we have∣∣∣∣dkJ0

dhk
(h)
∣∣∣∣ ≤ C · h−kJ0(h),(2.14)

∣∣∣∣∂kx∂Ik
(θ, I)

∣∣∣∣ ≤ C · I−k|x|, ∣∣∣∣∂ky∂Ik
(θ, I)

∣∣∣∣ ≤ C · I−k|y|.(2.15)

The proof can be found in [5]2.
By (2.9) and (2.14), one can verify that

c · I−1J−1
0 (I) ≤ d

dI
J−1

0 (I) ≤ C · I−1J−1
0 (I),

∣∣∣∣ dkdIk T (h)
∣∣∣∣ ≤ C · I−kT (h).

(2.16)

From the definition of θ, it follows that

∂x

∂θ
(θ, I) = T (h)y,

∂y

∂θ
(θ, I) = −T (h)g(x).(2.17)

Lemma 2.3. ∣∣∣∣ ∂k+i+`

∂Ik∂θi∂t`
H1(θ, I, t)

∣∣∣∣ ≤ C · I−k ·√J−1
0 (I)(2.18)

for k + i ≤ 7, i = 0, 1 and ` ≤ 6.

Proof. From the definition of H1(θ, I, t), we have

∂k+`

∂Ik∂t`
H1(θ, I, t) =

∂ky

∂Ik
· d

`

dt`
E(t).

The conclusion for i = 0 follows easily from (2.15) and |y| ≤
√

2h =
√

2J−1
0 (I).

For i = 1, we have

∂1+`

∂θ∂t`
H1(θ, I, t) = −T (h)g(x)E(`)(t).

2The first inequality of (2.15) is the conclusion of [5, Lemma A4.1] and the second one in (2.15)
can be found in the proof of that lemma.
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By (1.4), (1.7) and (2.15), it follows that∣∣∣∣ ∂k∂Ik g(x)
∣∣∣∣ ≤ ∑

k1+···+ks=k

∣∣∣∣G(s+1)(x) · ∂
k1x

∂Ik1
· · · ∂

ksx

∂Iks

∣∣∣∣
≤ C ·

∑∣∣∣G(s+1)(x) · I−k1 |x| · · · I−ks |x|
∣∣∣

≤ C · I−k ·
∑
|xsG(s+1)(x)| ≤ C · I−k ·

∣∣∣∣G(x)
x

∣∣∣∣
≤ C · I−k · |g(x)| ≤ C · I−k ·max (g(x+), |g(x−)|)

≤ C · I−k · h

min{x+, |x−|}
.

Hence from Lemma 2.1, (2.3) and (2.16), we have∣∣∣∣ ∂k+i+`

∂Ik∂θi∂t`
H1(θ, I, t)

∣∣∣∣ ≤
∣∣∣∣∣ ∑
m+n=k

dm

dIm
T (h) · ∂

n

∂In
g(x) ·E(`)(t)

∣∣∣∣∣
≤ C · I−kT (h) · h

min{x+, |x−|}

≤ C · I−k · J0(h)
min{x+, |x−|}

≤ C · I−k·
√
h ·
(

1 +
max{x+, |x−|}
min{x+, |x−|}

)
≤ C · I−k ·

√
h = C · I−k ·

√
J−1

0 (I).

This completes the proof.

3. New action and angle variables

Now we are concerned with the Hamiltonian system (2.6) with Hamiltonian
function %(θ, I, t) given by (2.7). Note that

Idθ − %dt = −(%dt− Idθ).

This means that if one can solve I = I(t, %, θ) from (2.7) (t and θ as parameters)
as a function of t, % and θ, then

d%

dθ
= −∂I

∂t
(t, %, θ),

dt

dθ
=
∂I
∂%

(t, %, θ),(3.1)

i.e., (3.1) is also a Hamiltonian system with Hamiltonian function I(t, %, θ) and now
the action, angle and time variables are %, t and θ, respectively. This trick has been
used in [4] and [5].

From Lemmas 2.1 and 2.3, we know that

∂%

∂I
(θ, I, t) 6= 0,

for I � 1. Hence by the implicit function theorem, there is a function I(t, %, θ)
such that

%(θ, I(t, %, θ), t) = %.(3.2)
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The aim of this section is to obtain an explicit form of I. Because

0 ≤ |H1(θ, I, t)|
J−1

0 (I)
≤ C · 1√

J−1
0 (I)

→ 0, as I →∞,

there is a function R(t, %, θ) with |R| ≤ 1
2% such that

I(t, %, θ) = J0(%−R(t, %, θ)),(3.3)

for %� 1. Let

J1(t, %, θ) =
∫ 1

0

J ′0(%− sR(t, %, θ)) ·R(t, %, θ)ds.

Then

I(t, %, θ) = J0(%) + J1(t, %, θ).(3.4)

Lemma 3.1. The perturbation term J1(t, %, θ) possesses the estimates∣∣∣∣ ∂k+`+i

∂%k∂t`∂θi
J1(t, %, θ)

∣∣∣∣ ≤ C · %−k−1/2 · J0(%),(3.5)

for k + i+ ` ≤ 6, i = 0, 1 and %� 1.

In the proof of this statement, we need the following technical lemma about the
estimates of R(t, %, θ).

Lemma 3.2. The function R(t, %, θ) possesses the following estimates:∣∣∣∣ ∂k+`+i

∂%k∂t`∂θi
R(t, %, θ)

∣∣∣∣ ≤ C · %−k+1/2,(3.6)

for k + i+ ` ≤ 7, i = 0, 1, ` ≤ 6 and %� 1.

We first give a proof of Lemma 3.1, and then show the estimates of R(t, %, θ) in
(3.6) are true.

Proof of Lemma 3.1. From the definition of J1, we have

∂k+`+i

∂%k∂t`∂θi
J1(t, %, θ) =

∑∫ 1

0

∂k1+`1+i1

∂%k1∂t`1∂θi1
J ′0(%− sR) · ∂k2+`2+i2

∂%k2∂t`2∂θi2
Rds,

where k1 + k2 = k, `1 + `2 = ` and i1 + i2 = i. Now we estimate the first factor of
the integrand.

When i1 = 0, one may prove that the following equality holds

∂m+n

∂%m∂tn
J ′0(%− sR) =

∑
J

(p+q+1)
0 (%− sR) · ∂

m1u

∂%m1
· · · ∂

mpu

∂%mp

· ∂
j1+n1u

∂%j1∂tn1
· · · ∂

jq+nqu

∂%jq∂tnq
,

where u := % − sR, p ≤ m, q ≤ n, n1, · · · , nq > 0, m1, · · · ,mp > 0 and n1 +
· · · + nq = n, m1 + · · · + mp + j1 + · · · + jq = m. Assume that there are α(≤ p)
members in {m1, · · · ,mp} which equal to 1. Notice that if %� 1, then |∂u/∂%| ≤ C
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|∂ku/∂%k| ≤ |∂kR/∂%k| for k > 1 and |∂k+`u/∂%k∂t`| ≤ |∂k+`R/∂%k∂t`| if ` > 0.
So from Lemmas 2.1 and 3.2, we have∣∣∣∣ ∂m+n

∂%m∂tn
J ′0(%− sR)

∣∣∣∣ ≤ C · J0(%− sR)
(%− sR)p+q+1

· %−(m1+···+mp−α)+(p−α)/2

·%−(j1+···+jq)+q/2

≤ C · 1
(1

2%)p+q+1
J0(

3
2
%) · %−m+ p+q+α

2

≤ C · %−m−1 · J0(%) · %−
p+q−α

2

≤ C · %−m−1 · J0(%),

where we have used the following inequalities

0 ≤ s ≤ 1, |R| ≤ 1
2
%, J0(

3
2
%) ≤ C · J0(%).

Similarly, one can get the same estimate for i1 = 1 as well as one for i1 = 0. Hence∣∣∣∣ ∂k1+`1+i1

∂%k1∂t`1∂θi1
J ′0(%− sR)

∣∣∣∣ ≤ C · %−k1−1 · J0(%),

which yields that∣∣∣∣ ∂k+`+i

∂%k∂t`∂θi
J1(%− sR)

∣∣∣∣ ≤ C · %−k1−1 · J0(%) · %−k2+1/2

≤ C · %−k−1/2 · J0(%).

Proof of Lemma 3.2. From (2.7), (3.2) and (3.3), it follows that

R(t, %, θ) = H1(θ, J0(%−R), t).(3.7)

Using Lemma 2.3, one has

|R| ≤ C ·
√
J−1

0 (J0(%−R)) = C ·
√
%−R ≤ C · √%.

From Lemma 2.1, it is easy to see that J0 is increasing and

J0(
1
2
%) ≤ J0(%) ≤ J0(

3
2
%) ≤ C · J0(

1
2
%).(3.8)

Indeed, the first two inequalities hold because of J ′0(%) > 0 by (2.9). On the other
hand, from (2.10) and (2.12), it follows that J ′0 is increasing and

J ′0(h) · h ≤ (
3
2
− σ1)J0(h).

So we obtain

J0(
3
2
%)− J0(

1
2
%) = J ′0(ξ)% ≤ 2

3
J ′0(

3
2
%) · 3

2
% ≤ J0(

3
2
%)− 2

3
σ1 · J0(

3
2
%),

which yields the third inequality.
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By Lemmas 2.1, 2.3 and (3.8), we have, for %� 1,∣∣∣∣∂H1

∂I
(θ, J0(%−R), t) · J ′0(%−R)

∣∣∣∣
≤ C · 1

J0(%−R)
·
√
J−1

0 (J0(%−R)) · J ′0(%−R)

≤ C · 1
J0(%/2)

·
√

3
2
% · J ′0(

3
2
%)

≤ C · 1
J0(1

2%)
·
√

3
2
% · 1

3
2%
· J0(

3
2
%)

≤ C · %−1/2 ≤ 1/2.

Let

∆ := 1 +
∂H1

∂I
(θ, J0(%−R), t) · J ′0(%−R).

Then ∆ ≥ 1/2. Differentiating on both sides of (3.7) with respect to %, t and θ,
respectively, we get

∆ · ∂R
∂%

(t, %, θ) =
∂H1

∂I
(θ, J0(%−R), t) · J ′0(%− R) := g1(t, %, θ),

∆ · ∂R
∂t

(t, %, θ) =
∂H1

∂t
(θ, J0(%−R), t) := g2(t, %, θ),

∆ · ∂R
∂θ

(t, %, θ) =
∂H1

∂θ
(θ, J0(%−R), t) := g3(t, %, θ).

(3.9)

By a direct computation, one may get

|g1(t, %, θ)| ≤ C · %−1/2, |g2(t, %, θ)| ≤ C · %1/2, |g3(t, %, θ)| ≤ C · %1/2.

Hence, by (3.9), we have∣∣∣∣ ∂k+i+`

∂%k∂θi∂t`
R(t, %, θ)

∣∣∣∣ ≤ C · %−k+1/2

for k + i+ ` = 1.
The conclusion of Lemma 3.2 has already been verified when k + i + ` = 0 and

1. For the general case, we need the following claim.

Claim. If ∣∣∣∣ ∂k+`

∂%k∂t`
R(t, %, θ)

∣∣∣∣ ≤ C · %−k+1/2

for all k + ` ≤ L0. Then for k + ` ≤ L0,∣∣∣∣ ∂k+`

∂%k∂t`
∆(t, %, θ)

∣∣∣∣ ≤ C · %−k−1/2, (k + ` > 0),∣∣∣∣ ∂k+`

∂%k∂t`
g1(t, %, θ)

∣∣∣∣ ≤ C · %−k−1/2,∣∣∣∣ ∂k+`

∂%k∂t`
g2(t, %, θ)

∣∣∣∣ , ∣∣∣∣ ∂k+`

∂%k∂t`
g3(t, %, θ)

∣∣∣∣ ≤ C · %−k+1/2.
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Before proving this claim, let us show the statement of Lemma 3.2.
By induction, we assume that∣∣∣∣ ∂k+`

∂%k∂t`
R(t, %, θ)

∣∣∣∣ ≤ C · %−k+1/2

for all k+ ` ≤ L0. Then applying ∂k+`

∂%k∂t` to both sides of the first equality in (3.9),
one has∑(

∂m+n

∂%m∂tn
∆
)
·
(

∂m
′+n′

∂%m′∂tn′
R

)
+ ∆ ·

(
∂k+1+`

∂%k+1∂t`
R

)
=

∂k+`

∂%k∂t`
g1,

where m+m′ = k + 1, n+ n′ = ` and m+ n > 0, m ≤ k. So by the hypothesis of
induction,∣∣∣∣ ∂k+1+`

∂%k+1∂t`
R

∣∣∣∣ ≤ 2∆ ·
∣∣∣∣ ∂k+1+`

∂%k+1∂t`
R

∣∣∣∣
≤ 2

∑∣∣∣∣ ∂m+n

∂%m∂tn
∆
∣∣∣∣ ·
∣∣∣∣∣ ∂m

′+n′

∂%m′∂tn′
R

∣∣∣∣∣+ 2
∣∣∣∣ ∂k+`

∂%k∂t`
g1

∣∣∣∣
≤ C · %−m−1/2−m′+1/2 + C · %−k−1/2

= C · %−(k+1) + C · %−(k+1)+1/2

≤ C · %−(k+1)+1/2.

Similarly, applying ∂k+`

∂%k∂t` to both sides of the second and third equality of (3.9)
yields that ∣∣∣∣ ∂k+1+`

∂%k∂t`+1
R

∣∣∣∣ , ∣∣∣∣ ∂k+1+`

∂%k∂θ∂t`
R

∣∣∣∣ ≤ C · %−k+1/2.

That is, if the conclusion is true for k + i + ` ≤ L0, then it is also valid for
k + i+ ` ≤ L0 + 1.

To finish the proof, it suffices to see that the statements of the claim are true.

Proof of Claim. We first give a proof of the estimate of the function g1.
Let

f1(t, %, θ) = J ′0(%−R)

and

f2(t, %, θ) =
∂H1

∂I
(θ, J0(%−R), t).

Then if ∣∣∣∣ ∂k+`

∂%k∂t`
R

∣∣∣∣ ≤ C · %−k+1/2, for k + ` ≤ L0,(3.10)

we have ∣∣∣∣ ∂k+`

∂%k∂t`
f1

∣∣∣∣ ≤ C · %−k−1J0(%), for k + ` ≤ L0,(3.11)

∣∣∣∣ ∂k+`

∂%k∂t`
f2

∣∣∣∣ ≤ C · %−k+1/2 · 1
J0(%)

, for k + ` ≤ L0.(3.12)
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Proof of (3.11). (i) When k + ` = 0, we have

|f1| = |J ′0(%−R)| ≤ C · (%−R)−1J0(%−R)

≤ C · (1
2
%)−1J0(

3
2
%) ≤ C · %−1J0(%),

where we have used the inequalities

|R(t, %, θ)| ≤ 1
2
%, J0(

3
2
%) ≤ C · J0(%).

(ii) When k > 0, ` = 0, the following equality holds

∂k

∂%k
f1 =

∑
J

(q+1)
0 (%−R) · ∂

j1u

∂%j1
· · · ∂

jqu

∂%jq
,

where 0 < q ≤ k, j1, · · · , jq > 0, j1 + · · · + jq = k and u := % − R. Assume that
there are b(≤ q) members in {j1, · · · , jq} which are equal to 1. Then∣∣∣∣ ∂k∂%k f1

∣∣∣∣ ≤ C · (%−R)−q−1J0(%−R) · %−(j1+···+jq−b)+ 1
2 (q−b)

≤ C · %−q−1 · J0(
3
2
%) · %−k+ 1

2 (q+b)

≤ C · %−k−1J0(%) · %− 1
2 (q−b)

≤ C · %−k−1J0(%).

(iii) When k = 0, ` > 0, we have from the equality

∂`

∂t`
f1 =

∑
J

(p+1)
0 (%−R) · ∂

`1u

∂t`1
· · · ∂

`pu

∂t`p
,

where p ≤ `, `1, · · · , `p > 0 and `1 + · · ·+ `p = `, it follows that∣∣∣∣ ∂`∂t` f1

∣∣∣∣ ≤ C · (%−R)−p−1J0(%−R) · (%1/2)p

≤ C · %−p−1 · J0(%) · %p/2

≤ C · %−1J0(%).

(iv) When k, ` > 0, it is easy to see that

∂k+`

∂%k∂t`
f1(t, %, θ) =

∑
J

(p+q+1)
0 (%−R) · ∂

j1u

∂%j1
· · · ∂

jqu

∂%jq

· ∂
`1+k1u

∂%k1∂t`1
· · · ∂

`p+kpu

∂%kp∂t`p
,

where u = %−R and

0 ≤ p ≤ `, 0 ≤ q ≤ k, j1, · · · , jq, `1, · · · , `p > 0, k1, · · · , kp ≥ 0,
j1 + · · ·+ jq + k1 + · · ·+ kp = k, `1 + · · ·+ `p = `.

Assume that there are b′(≤ q) members in {j1, · · · , jq} which are equal to 1. Then∣∣∣∣ ∂k+`

∂%k∂t`
f1

∣∣∣∣ ≤ C · (%−R)−(p+q+1)J0(%−R) · %−(j1+···+jq−b′) · (%1/2)q−b
′

·%−(k1+···+kp) · %p/2

≤ C · %−k−1 · J0(%) · %−
p+q−b′

2

≤ C · %−k−1J0(%).
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The proof of (3.11) is completed.

From (3.11), it is not difficult to prove that if (3.10) holds, then∣∣∣∣ ∂k+`

∂%k∂t`
J0(%−R)

∣∣∣∣ ≤ C · %−k · J0(%), for k + ` ≤ L0.(3.13)

Using this estimate and (3.11), one can verify (3.12).

Proof of (3.12). (i) When k + ` = 0, from Lemma 2.3 it follows that

|f2| =
∣∣∣∣∂H1

∂I
(θ, J0(%−R), t)

∣∣∣∣ ≤ C · 1
J0(%−R)

·
√
J−1

0 (J0(%−R))

≤ C ·
√
%−R

J0(%−R)
≤ C ·

√
3
2%

J0(1
2%)

≤ C · %1/2 1
J0(%)

,

where we have used the inequalities

|R(t, %, θ)| ≤ 1
2
%, J0(

1
2
%) ≥ c · J0(%).

(ii) When k > 0, ` = 0, the following equality holds

∂k

∂%k
f2 =

∑ ∂q+1H1

∂Iq+1
(θ, J0(%−R), t) · ∂

j1

∂%j1
J0(%−R) · · · ∂

jq

∂%jq
J0(%−R),

where 0 < q ≤ k, j1, · · · , jq > 0, j1 + · · · + jq = k. By (3.13) and Lemma 2.3, we
have∣∣∣∣ ∂k∂%k f2

∣∣∣∣ ≤ C ·
∑ 1

(J0(%−R))q+1
·
√
J−1

0 (J0(%−R)) · %−(j1+···+jq)(J0(%))q

≤ C · %
−k

J0(%)
·
√
%−R

≤ C · %−k+1/2 · 1
J0(%)

.

(iii) When k = 0, ` > 0, from Lemma 2.3, (3.13) and the equality

∂`

∂t`
f2 =

∑ ∂α+β+1H1

∂Iα+1∂tβ
(θ, J0(%−R), t) · ∂

`1

∂t`1
J0(%−R) · · · ∂

`α

∂t`α
J0(%−R),

where α ≤ ` and `1 + · · ·+ `α + β = `, it follows that∣∣∣∣ ∂`∂t` f2

∣∣∣∣ ≤ C ·
∑ 1

(J0(%−R))α+1
·
√
J−1

0 (J0(%−R)) · (J0(%))α

≤ C · 1
J0(%)

·
√
%−R ≤ C · %1/2 · 1

J0(%)
.
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(iv) When k, ` > 0, by a direct computation, one may obtain

∂k+`

∂%k∂t`
f2(t, %, θ) =

∑ ∂α+β+γ+1H1

∂Iα+β+1∂tγ
(θ, J0(%−R), t)

· ∂
j1

∂%j1
J0(%−R) · · · ∂

jβ

∂%jβ
J0(%−R)

· ∂
k1+`1

∂%k1∂t`1
J0(%−R) · · · ∂

kα+`α

∂%kα∂t`α
J0(%−R),

where

0 ≤ β ≤ k, 0 ≤ α+ γ ≤ `, j1 + · · ·+ jβ + k1 + · · ·+ kα = k, `1 + · · ·+ `α + γ = `.

Then∣∣∣∣ ∂k+`

∂%k∂t`
f2

∣∣∣∣ ≤ C · 1
(J0(%−R))α+β+1

·
√
J−1

0 (J0(%−R)) · %−j1J0(%) · · · %−jβJ0(%)

·%−k1J0(%) · · · %−kαJ0(%)

≤ C · %−k ·
√
%−R · 1

(J0(%/2))α+β+1
· (J0(%))α+β

≤ C · %−k+1/2 · 1
J0(%)

.

From g1 = f1 · f2, it follows that∣∣∣∣ ∂k+`

∂%k∂t`
g1

∣∣∣∣ =
∣∣∣∣∑ ∂k1+`1

∂%k1∂t`1
f1 ·

∂k2+`2

∂%k2∂t`2
f2

∣∣∣∣
≤ C · %−k1−1J0(%) · %−k2+1/2 · 1

J0(%)

= C · %−k−1/2.

Note that if k + ` > 0,∣∣∣∣ ∂k+`

∂%k∂t`
∆
∣∣∣∣ =

∣∣∣∣ ∂k+`

∂%k∂t`
g1

∣∣∣∣ ≤ C · %−k−1/2.

The proofs of the estimates for g2 and g3 are very similar to the proof of (3.12), so
we omit it.

4. Proof of Theorem 1

Up to now, we have given an equivalent form of Eq. (1.1), that is, the system
(3.1), which is expressed in the action and angle variables (%, t). However, its
Poincaré mapping is far from a small perturbation of the standard twist mapping
(t, %) 7→ (t + %, %). Hence, one cannot using Moser’s twist theorem directly. In
this section, we first introduce some transformations such that in the transformed
system, the terms depending on the new angle variable are very small if the new
action variable is sufficiently large and then prove, based on Moser’s twist theorem,
the statement of Theorem 1.

Lemma 4.1. There is a canonical transformation Ψ : (λ, τ) 7→ (%, t) of the form

Ψ : % = λ+ U(τ, λ, θ), t = τ + V (τ, λ, θ),(4.1)

where the functions U and V are 1-periodic in θ and satisfy

U(τ, λ, θ)/λ, V (τ, λ, θ)→ 0 as λ→∞
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uniformly for (τ, θ) ∈ T 2 such that under this mapping, the system (3.1) with the
Hamiltonian function I in (3.4) is changed into the form

dλ

dθ
= −∂K

∂τ
(τ, λ, θ),

dτ

dθ
=
∂K
∂λ

(τ, λ, θ),(4.2)

where

K(τ, λ, θ) = J0(λ) + [J1](λ, θ) +K1(τ, λ, θ)(4.3)

with

[J1](λ, θ) =
∫ 1

0

J1(t, λ, θ)dt.

Moreover, the new perturbation K1 possesses the estimate:∣∣∣∣ ∂k+`

∂λk∂τ `
K1(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k+1/2(4.4)

for k + ` ≤ 5.

Proof. We will look for the required transformation Ψ determined by a generating
function F(t, λ, θ) in the following way:

% = λ+
∂F
∂t

(t, λ, θ), τ = t+
∂F
∂λ

(t, λ, θ),(4.5)

where the function F will be given later. Under Ψ, the transformed system of (3.1)
is of the form

dλ

dθ
= −∂K

∂τ
(τ, λ, θ),

dτ

dθ
=
∂K
∂λ

(τ, λ, θ),

where

K(τ, λ, θ) = J0(λ +
∂F
∂t

) + J1(t, λ+
∂F
∂t
, θ) +

∂F
∂θ

.

By Taylor’s formula, one can write

K(τ, λ, θ) = J0(λ) + J ′0(λ) · ∂F
∂t

+ J1(t, λ, θ) +K1(τ, λ, θ),

where

K1(τ, λ, θ) =
∂F
∂θ

+
∫ 1

0

(1− s)J ′′0 (λ+ s
∂F
∂t

) ·
(
∂F
∂t

)2

ds

+
∫ 1

0

∂J1

∂%
(t, λ+ s

∂F
∂t
, θ) · ∂F

∂t
ds.

We now choose F :

F(t, λ, θ) = −
∫ t

0

1
J ′0(λ)

· (J1(t, λ, θ) − [J1](λ, θ)) dt.

Then K is of the form (4.3).
To complete the proof, it suffices to show that K1 satisfies (4.4).
From (2.9) and (3.5), it follows that∣∣∣∣ ∂k+`+i

∂λk∂t`∂θi
F(t, λ, θ)

∣∣∣∣ ≤ C · λ−k+1/2(4.6)
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for k + i+ ` ≤ 6 and i = 0, 1. In particular,∣∣∣∣ ∂2

∂λ∂t
F(t, λ, θ)

∣∣∣∣ ≤ C · λ−1/2 ≤ 1/2

if λ� 1. So one can solve the second equation of (4.5) for t,

t = τ + V (τ, λ, θ)

where the function V satisfies

V (τ, λ, θ) = −∂F
∂λ

(τ + V, λ, θ).

Set

U(τ, λ, θ) =
∂F
∂t

(τ + V, λ, θ).

Then the canonical transformation Ψ is of the form (4.1). Moreover, similar to the
proof of [2, Lemma 2], one can verify that

∣∣∣∣ ∂k+`

∂λk∂τ `
U(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k+1/2,

∣∣∣∣ ∂k+`

∂λk∂τ `
V (τ, λ, θ)

∣∣∣∣ ≤ C · λ−k−1/2,

(4.7)

for k + ` ≤ 5, and U/λ, V → 0 as λ→ +∞.
Let

φ1(τ, λ, θ) =
∂F
∂θ

(τ + V, λ, θ),

φ2(τ, λ, θ) =
∫ 1

0

(1 − s)J ′′0 (λ + sU) · U2ds,

φ3(τ, λ, θ) =
∫ 1

0

∂J1

∂%
(τ + V, λ+ sU, θ) · Uds.

It is not difficult to prove that3∣∣∣∣ ∂k+`

∂λk∂τ `
φ1(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k+1/2,∣∣∣∣ ∂k+`

∂λk∂τ `
φ2(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k−1J0(λ),∣∣∣∣ ∂k+`

∂λk∂τ `
φ3(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k−1J0(λ),

for k + ` ≤ 5. Note that by (2.13),

J0(λ) ≤ C · λ3/2−σ1 .

Hence we have∣∣∣∣ ∂k+`

∂λk∂τ `
K1(τ, λ, θ)

∣∣∣∣ ≤ 3∑
i=1

∣∣∣∣ ∂k+`

∂λk∂τ `
φi(τ, λ, θ)

∣∣∣∣ ≤ C · λ−k+1/2

for k + ` ≤ 5. The proof is finished.

3The proof is very analogous to the proof of the claim stated in §3, so we omit it here.
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For λ0 > 0, denote by Aλ0 the annulus

Aλ0 := {(λ, τ, θ)|λ ≥ λ0 and (τ, θ) ∈ T 2}.

In order to apply Moser’s twist theorem, we need the following:

Lemma 4.2. The Poincaré mapping P of (4.2) has the intersection property on
Aλ0 , i.e., if Γ is an embedded circle in Aλ0 homotopic to a circle λ = const. in
Aλ0 , then P(Γ) ∩ Γ 6= ∅.

The proof can be found in [2].
Under the diffeomorphism Ψ1 on Aλ0 given by

µ = J ′0(λ), τ = τ, θ = θ,(4.8)

the transformed system of (4.2) is of the form

dµ

dθ
= f1(τ, µ, θ),

dτ

dθ
= µ+ f2(τ, µ, θ),(4.9)

where

f1(τ, µ, θ) = −J ′′0 (λ) · ∂K1

∂τ
(τ, λ, θ), f2(τ, µ, θ) =

∂[J1]
∂λ

(λ, θ) +
∂K1

∂λ
(τ, λ, θ),

(4.10)

with λ = λ(µ) defined by (4.8).
Now we estimate the functions f1 and f2.
By (2.13) and (3.5), we have

c · λσ2 ≤ J ′0(λ) ≤ C · λ 1
2−σ1 ,

∣∣∣∣∂[J1]
∂λ

(λ, θ)
∣∣∣∣ ≤ C · λ−σ1 .

Hence

c · µ
2

1−2σ1 ≤ |λ(µ)| ≤ C · µ1/σ2 .(4.11)

Obviously, λ� 1⇐⇒ µ� 1. Moreover, by (2.10) and (2.14), we have∣∣∣∣ ∂k∂µk λ(µ)
∣∣∣∣ ≤ C · µ−kλ(µ).(4.12)

From (2.14), (3.5), (4.4) and (4.12), it follows that, for k + ` ≤ 4,∣∣∣∣ ∂k+`

∂µk∂τ `
f1(τ, µ, θ)

∣∣∣∣ ≤ C · µ−k · λ−2J0(λ) · λ1/2 ≤ C · λ−3/2J0(λ)

≤ C · λ−σ1 ≤ C · µ−
2σ1

1−2σ1 ,

and ∣∣∣∣ ∂k+`

∂µk∂τ `
f2(τ, µ, θ)

∣∣∣∣ ≤ C · µ−k ·
(
λ−1/2 + λ−2J0(λ)

)
≤ C ·

(
λ−1/2 + λ−3/2 · λ3/2−σ1

)
≤ C · λ−σ1 ≤ C · µ−

2σ1
1−2σ1 .

Now we are in a position to prove the statement of Theorem 1.
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Proof of Theorem 1. Since the functions f1 and f2 are sufficiently small if µ � 1,
one can verify easily that the solutions of (4.9) do exist for 0 ≤ θ ≤ 1 if the intial
value µ(0) = µ sufficiently large. Integrating Eq. (4.9) from θ = 0 to θ = 1, we
obtain that the Poincaré mapping Φ of (4.9) is of the form

τ1 = τ0 + µ0 + Ξ1(τ0, µ0), µ1 = µ0 + Ξ2(τ0, µ0),

where Ξ1 and Ξ2 possess the estimates as well as f1 and f2, that is, for k + ` ≤ 4,∣∣∣∣ ∂k+`

∂µk0∂τ
`
0

Ξ1

∣∣∣∣ , ∣∣∣∣ ∂k+`

∂µk0∂τ
`
0

Ξ2

∣∣∣∣ ≤ C · µ−δ00 ,

where δ0 = 2σ1/(1 − 2σ1) > 0. Because Ψ1 is a diffeomorphism, Φ possesses the
intersection property on Aµ0 . Hence Φ satisfies all the assumptions of Moser’s twist
theorem [13], [15]. From this theorem, it follows that for any ω � 1 satisfying∣∣∣∣ω − p

q

∣∣∣∣ ≥ c0 · |q|−5/2,(4.13)

there is an invariant curve Γ of Φ and on which Φ is of the form

τ1 = τ0 + ω.

One can conclude that there exist invariant curves of the Poincaré mapping of the
system (2.1), which surrounding the origin (x, y) = (0, 0) and arbitrarily far from
the origin. So every solution of (2.1) is bounded.

Applying Aubry-Mather theory, one can prove the following conclusions:

Theorem 2. Under the conditions of Theorem 1, there is ε0 > 0 such that
(1) for any rational p/q ∈ (0, ε0), Eq. (1.1) possesses an unlinked periodic solu-

tion (Birkhoff type) with period q;
(2) for any irrational ω ∈ (0, ε0), Eq. (1.1) has generalized quasi-periodic solu-

tions with frequency (1, ω) corresponding to the Mather set Mω;
(3) for any irrational ω ∈ (0, ε0) with 1/ω satisfying (4.13), there is a quasi-

periodic solution of (1.1) with frequency (1, ω).
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