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ON LITTLEWOOD’S BOUNDEDNESS PROBLEM
FOR SUBLINEAR DUFFING EQUATIONS

BIN LIU

ABSTRACT. In this paper, we are concerned with the boundedness of all the
solutions and the existence of quasi-periodic solutions for second order differ-
ential equations

a’ +g(z) = e(t),
where the 1-periodic function e(t) is a smooth function and g(z) satisfies sub-
linearity:

sign(z) - g(z) — +oo, g(x)/x — 0 as |z| — +oo.

1. INTRODUCTION

In this paper, we will investigate the boundedness of all solutions of the conser-
vative system

(1.1) o’ +g(z)=e@t), ('=-)

where e(t) is 1-periodic in t.

As one of the simplest but non-trivial conservative systems, Eq. ([-I) has been
widely studied for a long time. For example, many authors studied the existence
and multiplicity of periodic solutions by various methods, such as, critical point
theory, phase-plane analysis combined with the shooting methods or fixed point
theorems of planar homeomorphisms and continuation methods based on degree
theory.

In the early 60’s, Littlewood [6] proposed to study the boundedness of all the
solutions of (I1)) in the following two cases:

(1) Superlinear case: g(z)/x — +00 as ¢ — +o0;

(2) Sublinear case:  sign(z) - g(xr) — +oo and g(x)/z — 0 as x — Foo.

The first result in the superlinear case is due to Morris [IT], who proved that all
solutions of

a4 223 = e(t)

are bounded, where e(t) € C°. Subsequently, this result was extended to the more
general case by several authors, we refer to [2], [], [5], [7], [I6] and references
therein.
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Recently, the boundedness of solutions for the following simple equation
" + 2]l = e(t),

has been studied in [3] and [8], where 0 < a < 1. They proved that every solution
is bounded if e(t) = e(t + 1) is a smooth function. As far as we know, this is only
one example in sublinear case.

In what follows, we denote by G(z) the integral of g(x) with G(0) = 0. That is,

(1.2) G(z) = /Ox g(s)ds.

We also denote by ¢ < 1 and C' > 1, respectively, two universal positive constants
not concerning their quantities.
The main result of this paper is the following

Theorem 1. Assume that e(t) € C5 is 1-periodic in t, the smooth function g(x) €
CS(R) satisfies that for all x # 0,
(i) xg(xz) > 0 and there are two positive constants o1, o2

< Gx)G"(z) 1

(1.3) 2@ 2 032;
(ii)
(1.4) mk%kkG(x) <C-G(zx), fork<T.

(i) ¢ -G(z) < G(—z) < C-G(z).
Then every solution of is bounded, i.e., if x = x(t) is a solution of (1),
then it is defined in (—oo, +00) and

sup (|z()| + |2/ (t)]) < +oc.
teR

Remark 1. The assumptions on g(z) in (i), (ii) and (iii) can be weakened to require
that they hold for |z| > d for any fixed constant d > 0.

Remark 2. From the conditions (i) and (ii), it is easy to see that

(1.5) 0<g'(x)<C, ¢'(x) =0 as |z|— oo,
(1.6) sign(z) - g(z) — +oo, G(x)/x? =0 as |z| — +oo,
(1.7) zg(x) > G(z), 2°¢'(z) >c-G(x).

Remark 3. The inequalities in (I3)) and (I4) are similar to those in [l (1.2), (1.3)].
We would like to point out that there are also some delicate estimates in [5], which
will be used in our proof.

Example. Every solution of the equation

7 z _
T+ m = cos 27t

is bounded.
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The rest of the paper is organized as follows. Some technical lemmas which are
useful for our proof are stated in §2 and §3. We will give the proof of Theorem 1
in §4 and another theorem about the existence of quasi-periodic solutions, Aubry-
Mather set and unlinked periodic solutions.

The idea for proving the boundedness of solutions of Eq. (L)) is as follows. By
means of transformation theory, () is, outside of a large disc D = {(x,2’) € R?:
22 +a? < r?} in the (x,z’)-plane, transformed into a perturbation of an integrable
Hamiltonian system. The Poincaré map of the transformed system is close to a so-
called twist map in R?\D. Then Moser’s twist theorem [13] guarantees the existence
of arbitrarily large invariant curves diffeomorphic to circles and surrounding the
origin in the (z, 2’)-plane. Every such curve is the base of a time-periodic and flow-
invariant cylinder in the extended phase space (z,2’,t) € R? x R, which confines
the solutions in the interior and which leads to a bound of these solutions.

2. ACTION-ANGLE VARIABLES AND SOME ESTIMATES

In this section, we first introduce action-angle variables for Eq. and then
state some technical lemmas which will be used in the proofs of our main result.

Because of Remark 1, without loss of generality and for brevity of arguments,
we assume that the average value of e(t) vanishes, i.e.,

/1 e(t)dt = O.EI
0

Hence the function

is also 1-periodic in ¢ and is in C°.

Eq. () is equivalent to the planar Hamiltonian system
oh Ooh
2.1 = — t = —— t
(2.1) Y= (@,9,t), v B (L2 U5 1);

where
ha,y,1) = 397 + Gla) + yE(D)
Consider an auxiliary autonomous system
(2.2) =y, Y =—g(x),
which is an integrable Hamiltonian system with Hamiltonian function
M) = 57+ Gla).

The closed curves H(z,y) = h > 0 are just the integral curves of [22). It is well
known from [I] that ([2:2) has action and angle variables (I,60). Now we give an
explicit form of them.

Denote by T'(h) the time period of the integral curve T', of [22) defined by
H(z,y) = h and by I, the area surrounded by the closed curve I'y,. Then

I :j{ ydx = Jo(h).
H(z,y)=h

n fact, if fol e(t)dt # 0, we can use g(z) = g(z) — fol e(t)dt instead of g(z). It is easy to verify
that g(z) satisfies all the conditions of Theorem 1 for any |z| > d with some positive constant d.
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Denote by G;l and GZ' the right and left inverse of G, respectively. Assume
(x4+,0) and (z_,0) are the intersection points of I', with z-axis, i.e.,
z- =G (h) <0< G (h) =25
By the symmetry condition (iii) of Theorem [[] we have

- maX{G_T_l(h),|G:1(h)|} <C.
~ wmin{G{'(h), |G (M)} T

(2.3)
It is easy to see that
T4 T4 1

For any (x,y) € R?, set h = %yQ + G(z). We define the generating function
S(x, 1),

S(x,I) :/ydx,
c

where C is the part of the level curve I'y, : H(z,y) = h connecting the y-axis with
the point (z,v), oriented clockwise and h = J; ' (I). This defines S up to an integer
multiple of I, the area of the domain surrounded by the closed curve I',. We define
the map (0,I) — (x,y) by

oS oS
(25) y*%(xal’)a O*W(

which is well-known to be symplectic because

de Ndy = Syrde ANdl = dO Ndl.

x, 1),

Eq. (Z2) in the new coordinates (6,I) is also a Hamiltonian system with the
new Hamiltonian function

ho(0, 1) = Jy (1),
Under this symplectic map, the system (2I) becomes

do 0o

. Ye r Y8

where

(2.7) 0(0,1,t) = Jg '(I) + y(6, D E(t) := Jy ' (I) + H1(6, 1,1)

with (z,y) = (z(6,1),y(0,I)) defined implicitly by (2.5).
In the following, we state some lemmas which will be used in §3 and §4.

Lemma 2.1. The following inequalities hold:
(28)  V2h- (G (W) +|GZH(R))) < Jo(h) < 2v2h- (G () + G2 (),
(2.9) c-h™t-Jo(h) <T(h) = Ji(h) < C -t - Jo(h),

(2.10) c-h Y J5(h) <T'(h) = JY(h) <C-h L J)(h).

Moreover, Jj(h) — +00 as h — +oo.
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Proof. (1) One can prove the inequalities in (2] by comparing the area bounded
by I'j, respectively with the area of the triangle or rectangle with sides v/2h and

GZ (h)]-
(2) From the definitions of Jy(h) and T'(h), it follows that

Jo(h) =T(h).
On the other hand, we have

(2.11) Ji(h) = %/“ (§ _G© GH ) V2(h — G(€))de.

2 9%(
In fact, let

T (h J/ VA= GENde, Ji (h) _qz/" 2k~ Gl)Vde.

Then
To(h) = I (B) T (), Jh(h) = - (h) + 5 (h).
Let G(§) = sh. Then hd¢/dh = G(§)/g(§) and
"h
+(pY — Mg
T ) = 2/0 ok
where 7 = 1/2(1 — s)h. So we obtain
d oo Lg(€) + "5 -G (&) S
an’o () = 2/0 92(5) “
_ 2 '3 _GEG©Y I,
- 2 G- ) e
B 2 T4 § ~ G(E)GH
) e

Similarly, one can prove

g(

Hence
0 h/ (——i> V2(h —G(§))dE.

By the condition (i) of Theorem 1, we have

(2.12) (2~ o) Jo(h) > T(h) = (k) > (1+ 02)3 - Jo(h),
which yields that

(2.13) C-h2=% > Jy(h) > c- h' o2,

Hence,

C-ht - Jo(h) = T(R) = Jp(h) > ¢ h™" - Jo(k) = ¢ h7* — 00

as h — +oo.
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Using the same trick in computing J{(h), one can see that

2 L GEGENO) 1
JO(h)fT(h)fh/x, <2 9%() > 2(h—G(§))d§'

Hence, by the condition (i) in Theorem I, we have

c-h Y Jh(h) =c-h'T(h) < JY(h) <C-h™'T(h) = C-h L Ji(h).

The proof is finished. O

Lemma 2.2. For k <7, we have

(2.14) ik (h)| < C-h™"Jy(h),
OFx _ oF N

The proof can be found in [BZ
By (239) and 2:14), one can verify that

(2.16)
k

d d
—1 -1 -1 -1 7-1 —k
c- 1715 (I)SEJO (H<C-I7Ji (1), ‘WT(];)‘SC'.] T(h).
From the definition of 6, it follows that

(2.17) %(9,1) =T(h)y, %(9,[} = —T(h)g(z).

Lemma 2.3.

Gh+i+e . -
(2.18) mﬂl(e,f,t)‘<c-1 IS

fork+i<7,i=0,1and ¢ <6.
Proof. From the definition of H;(6,1,t), we have

akJrZ aky dZ
arrar 001t = 5t - g BO)-

The conclusion for i = 0 follows easily from ZIH) and |y| < v2h = 1/2J5 1 (I).

For i = 1, we have
——H4(0,1,t) = =T (h)g(x)E\"(t).
90t" 1( ] ) ( )g( ) ()

2The first inequality of (ZI5) is the conclusion of [5, Lemma A4.1] and the second one in (ZI5)
can be found in the proof of that lemma.
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By (Td), (1) and [ZI5), it follows that
ak
TCIIEDS

Mg Ok
kit+--+ks=k

GG (z) o BT

< 3G @) TR el T

< C.]—k.2|xsg(s+l)(x)| <C.1'k. GTJ")

< C-I7g(a)| <C- T max(g(as ), [g(a-)])
< Cc.1*. h

min{ay, o[}

Hence from Lemma 2] (Z3) and (ZI0), we have

ﬂ]{(g[ﬂ < _m ().ﬁ().E(é)(t)
e N/ o

< C-T7*7(h) h

= min{e o]}

_ Jo(h)

< Lk, OV

SR P

S C - I_k'\/ﬁ A1+ mE.l,X{QC+, |$,|}

min{ay., 7|}
< C-I'fNVh=C-17F I ).
This completes the proof. O

3. NEW ACTION AND ANGLE VARIABLES

Now we are concerned with the Hamiltonian system (EL6) with Hamiltonian
function o(0, I,t) given by ([27). Note that

1d0 — odt = —(odt — I1d6).

This means that if one can solve I = Z(t, 0,0) from [27) (¢t and 6 as parameters)
as a function of ¢, o and 6, then

do O dt 9T

=——(t — = Z=(t, 0,0
7 5L 00), = 89(,9, )
i.e., (B) is also a Hamiltonian system with Hamiltonian function Z(¢, g, ) and now
the action, angle and time variables are p, t and 6, respectively. This trick has been
used in M| and [5].

From Lemmas [2.1] and 2.3, we know that
do

E(Qa-[at) #Oa

for I > 1. Hence by the implicit function theorem, there is a function Z(¢, o,0)
such that

(32) Q(Q,I(t, o, 9)7t) = 0.

(3.1)
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The aim of this section is to obtain an explicit form of Z. Because

H(0,1,t 1
[ N e

0<
Jo NI ) J(;l([)
there is a function R(t, o, 0) with |R| < %Q such that

(33) I(tv 0, 9) = JO(Q - R(tv 0, 9))7
for o> 1. Let

1
Ti(t,0,0) = / Ji(o — sR(t,0,0)) - R, 0,0)ds.
0
Then

Lemma 3.1. The perturbation term Ji(t, 0,6) possesses the estimates

k+£0+1
(3.5) ‘ 0

doFottaet
fork+i+£<6,i=0,1and o> 1.

(tv 0, 9)‘ é c- Qikil/Q : JO(Q)v

In the proof of this statement, we need the following technical lemma about the
estimates of R(t, o,0).

Lemma 3.2. The function R(t, 0,0) possesses the following estimates:
G+
Dok dtl oo
fork+i+£<7,i=0,1,£<6 and o> 1.

(3.6) R(t,0,0)| < C - o *1/2,

We first give a proof of Lemma B] and then show the estimates of R(t, g, ) in
(B8) are true.

Proof of Lemmal31l From the definition of J;, we have
8k+£+z ak1+l1+l1 , ak2+£2+i2
5, —sR)- = R4
soratior o =2 / aghar g 00 ) Gk gmags 0

where k1 + ko = k, 1 + €5 = £ and iy + i3 = i. Now we estimate the first factor of
the integrand.
When i; = 0, one may prove that the following equality holds

gmtn ( 1 O™y OMry
—J sR) = getat o opy ¢ % O
domotn ole—sh) Z 0 (0= sR) Do Qo™
Hirtniy, Hlatnay,
8Qj1 8tn1 e 8QjLI8tnq 9
where uw ;== p—sR, p <m, ¢ < n, ny,---,ng >0, my,---,mp >0 and n; +

Fng=mn,mi+---+mp+j1+ -+ jo = m. Assume that there are a(< p)
members in {m1, - -, m,} which equal to 1. Notice that if ¢ > 1, then |0u/dp| < C
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|0Fu/00"| < |0FR/00"| for k > 1 and |0FTfu/0o*0t!| < |0*TCR/00"0t!| if £ > 0.
So from Lemmas 211 and B.2] we have

pgram o= sR) = O e
—(r+-+iq)+a/2

0
1 3 _m+p+q+a
< O gpra G e
—m— _ptg-—a
S CQ IJO(Q)Q 2
< C-o7™ - Jo(o),

where we have used the following inequalities
1 3
0<s<1, [R[< 29 J0(§Q) <C-Jo(o).

Similarly, one can get the same estimate for i; = 1 as well as one for i; = 0. Hence

’ oF1t+itia

Somattagn o8 - SR)‘ <C-o (o),

which yields that

IN

8k+€+i
‘ C - Q—kl—l . JO(Q) . Q—k2+1/2

W“@‘Sm‘

< O Jh(0).

Proof of Lemma[TZ2 From (Z1), (32) and (33), it follows that
(37) R(tv o, 9) = Hl(gv JO(Q_R)vt)'

Using Lemma [2.3] one has

IR <C-\/J; ' (Jole—R))=C-/o—R<C- /o

From Lemma [2.] it is easy to see that Jj is increasing and

(3:5) Jo(50) < hle) < he) < C - Io(50)

Indeed, the first two inequalities hold because of J|(g) > 0 by (ZJ). On the other
hand, from (ZI0) and [Z12), it follows that J) is increasing and

)b < (5 = oa)o(h).

So we obtain

3 3 3 3 2 3

(50— hlz0) = BOe < T30 S0.< (50— 21 (5o,

which yields the third inequality.
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By Lemmas Z.T] and ([B.8), we have, for p > 1,
OH,

W((% Jo(o = R),t) - Jo(o — R)‘

<C. ﬁ 5 (Jole = R)) - Jo(o— R)

1 3 3
SC'm'\/;'Jo(§Q)

N
Jo(%@) 2
<C-oV?<1)2

<C-

Q-7

Let

OH
A:=1+ 520, Jolo~ R),t) - Jy(e — R).
Then A > 1/2. Differentiating on both sides of ([B7) with respect to g, ¢ and 6,
respectively, we get

OR om, B R
A- 8_(Q(t7 0, 9) - By (9”]0(9 R)vt) JO(Q R) = gl(tv 0, 9)7
H
(39 a-210.0)= 200, Jolo— R).1) = 02(t,0,6),
OR om, B
A- %(tv 0, 9) - W(O’ JO(Q - R)vt) T 93(t7 0, 9)

By a direct computation, one may get
91(t,0,0) < C 072 galt, 0.0)] < C- 0% |gs(t,0.0)| < C-o"/%
Hence, by (B9), we have
r+i+e
‘WR(TZ 9,9)‘ <C. g Ft/2

fork+i+¢=1.
The conclusion of Lemma has already been verified when k£ + i+ ¢ = 0 and
1. For the general case, we need the following claim.

Claim. If
k+¢
AR
0ok ott
for all kK + £ < Lg. Then for k+ £ < Ly,
k+¢
RUSREIN
0ok ott
’ ak+€

dorart !
’ ak+€

(t, o, 9)‘ <O M2

<t,g,9)‘ < Ot 2 (kti>0),
(t@ﬁ)‘ < CpTh2
(t,0,0)| < C - FH1/2,

W92 (t,0,0)

)

ak+€
‘ aorott %
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Before proving this claim, let us show the statement of Lemma B.2.
By induction, we assume that

‘ 8k+€

a katz (t 0, 6)‘ S C Q_k+1/2

for all k+ ¢ < Lg. Then applying % to both sides of the first equality in (39)),
one has

gmtn gm’+n’ HE+1+L P La
g A Rlia (LR =L
2 (89m8t” ) domor )t (agkﬂaﬂ ) Doror I
where m+m' =k+1,n+n' =fand m+n >0, m < k. So by the hypothesis of
induction,

F+1+¢ gr+1+L
8@’”‘187551%‘ s 24 ‘89’“‘“&4}2‘
am—i—n am’-{-n’ oL
< 2 Rl +2|———
- Z ‘ 8@’”875” 9™ ot + ‘&Qk(‘)ﬂ S
< C.gmV2mmA2 L o gk

= O ) Lo g kEDF1/2
< C. Q_(k+1)+1/2.

Similarly, applying % to both sides of the second and third equality of (B9
yields that

DoF ot agranar | =

That is, if the conclusion is true for k + i + ¢ < Lg, then it is also valid for
k+i4+0<Lo+1.
To finish the proof, it suffices to see that the statements of the claim are true.

r+1+¢ ok+1+¢
‘ <O g2,

Proof of Claim. We first give a proof of the estimate of the function g .
Let

and
oOH
fa(t, 0,0) = 57 (0, Jo(e = R), ).

Then if
(3.10) ﬂR <C-pHY2 for k+(<L

. 8Qk8t€ = 0 ) >~ LQ,
we have

8k+£
(3.11) ‘8 katefl 51 To(0), for k+ €< Ly,
8k+€ kr1/2 1
12 - c——, for k+¢<Ly.
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Proof of (311)). (i) When k + ¢ = 0, we have

1Al =1Joe =R < C-(e=R)"ole—R)
< O (50 No(30) < C-0 (o),

where we have used the inequalities

3
|R(t7 o, )| < Qa JO(&Q) S C- ']O(Q)

(ii) When k£ > 0, £ =0, the follovvlng equality holds

) 0Mu %
8 kfl Z 8Qj1 89]@7
where 0 < g <k, j1,-++,jq >0, j1+---+j; =k and u := ¢ — R. Assume that
there are b(< ¢) members in {j1,- -, j;} which are equal to 1. Then
o - (it —b) 2 (g
ia—gkfl < C-(0—R)" " 'Jy(o—R)- o Ut tia b)+3(g=b)
—g— 3 Chal
< Coo P ()20
< C . Q—k 1JO( )

(ii) When k = 0, ¢ > 0, we have from the equality
by Ou

(p+1)
Wfl 2 Coth T gtk
where p < ¢, £1,--- ,¢, >0 and €1+~~+€p:£, it follows that
o* e
i seli| < Cle= R (o= R) (o)

< C-07" (o) - 0"

< C-o0 ' Jo(o).
(iv) When k, ¢ > 0, it is easy to see that

akH (p+q+1) Oy Hlay
Qlrthiy e tkny,

oMottt Qokrotte’
where u = ¢ — R and
0<p<l0<q<k ji, gl lp>0, ki,--- Ky >0,
gtk ky =k, bl =L
Assume that there are b'(< ¢) members in {j1,- - ,j,} which are equal to 1. Then
8k+£

D0h o1 C- (o= Ry~ Jy(o— R) - o 01 Ha=t) . (g1/2)7

gfl

o~ (attky) | /2

ptq—b’
2

C-o7" 1 Jolo) 0~
C . Qikil.]()(g).

IAIA
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The proof of (1)) is completed.

From , it is not difficult to prove that if (3.10) holds, then

(3.13)

k-0
o
0ok ott

(0 — R)‘ <C-07 % Js(0), for k+¢< L.
Using this estimate and (311]), one can verify (312).

Proof of (312). (i) When k + ¢ = 0, from Lemma [23]it follows that

OH, 1 1
=|—=(0 — ) < 1/ J; (Jo(o— R
=GR 0. R~ )| < €t I ol )
3
0o— R 30
< C- <C-
- Jole—R) = Jo(30)
1
< C- 1/2 ’
- ¢ Jo(o)
where we have used the inequalities
1 1
(ii) When k£ > 0, £ = 0, the following equality holds
ok oIt H o Ha
8—g’€f2 => 8T+11(9’ Jo(o = R),t) - 9o Jo(e—R) - @JO(Q - R),

where 0 < ¢ <k, j1,-++,Jq >0, 1 + -+ + j, = k. By (813) and Lemma 23] we

have
ok 1 1 —(jr+-tiq) q
8—g’€f2 < C'ZW' VJo (Jole—R)) -0 7 (Jo(0))
o *
c.- 2 Jo-R
Tole) V¢
1
< ChgTRE SADL
(iii) When k = 0, > 0, from Lemma 23] (B13) and the equality
¢ 3a+6+1H1 o4 Hle
2= > Sfatigm O Jole = R),t) - o do(e = R) -+ m5=Jole — R),

where a < £ and ¢ 4+ --- + £, + B = £, it follows that

aZ

1
Wfb

< C Y Gy VI ole = B) - (@)

"/Q_RSC'91/2' 1

Jo(o)

= “Jo(o)



1580 BIN LIU

(iv) When k, ¢ > 0, by a direct computation, one may obtain
gk+e ootBty i,

a katng t Q; Z aIO‘+5+lat7 (97 JO(Q_R),t)
o HIs
'@JO(Q -R)-- (‘)Q—J'ﬁJO(Q - R)
8k1+€1 8ka+€a
'WJO(Q —R)-- WJO(Q - R),
where
0<B<k 0<a+y<l 1+ +js+ki+ - Fka=k b+ +lo+v=L
Then
orte 1 1 . _
< . . - _ .1 .. I8
‘&Qk(‘)téfz < C (Jo(o — R))o+h+1 Jo (Joe—R)) - 077" Jo(0) -+ 0?7 Jo(0)
0 M Jo(0) -+ 07 * o (o)
1
< C-o7k. R — = (] a+p
s Crem Ve gy (i)
1
< C. Q—k+1/2 L
Jo(0)
From g1 = f1 - fo, it follows that
ok+L 3k1+él gratt2
ka9t = ot S e 12
QoFot 89 10th 0ok20tt2
1
< C 7}(21 1J 7}624’1/2
- ()¢ Jo(o)
— C.p 12
Note that if &K+ £ > 0,
gk+e k+t
A — < . —k—l/Q.
‘agkaﬂ ‘ orar | < ¢ e

The proofs of the estimates for g, and g3 are very similar to the proof of (B12), so
we omit it.

4. PROOF OF THEOREM 1

Up to now, we have given an equivalent form of Eq. (LI), that is, the system
(B)), which is expressed in the action and angle variables (p,t). However, its
Poincaré mapping is far from a small perturbation of the standard twist mapping
(t,0) — (t + 0,0). Hence, one cannot using Moser’s twist theorem directly. In
this section, we first introduce some transformations such that in the transformed
system, the terms depending on the new angle variable are very small if the new
action variable is sufficiently large and then prove, based on Moser’s twist theorem,
the statement of Theorem 1.

Lemma 4.1. There is a canonical transformation W : (A, 7) — (p,t) of the form
(4.1) U:o=A4+U(r,\,0), t=174+V(r,\0),
where the functions U and V are 1-periodic in 0 and satisfy

U(r,A\0)/A, V(r,A\0)—0 as A — 0
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uniformly for (1,0) € T? such that under this mapping, the system (31) with the
Hamiltonian function T in (34) is changed into the form

oK dr oK

(4.2) 0= —E(T, A 0), 0= B — (1, A\, 0),
where

(4.3) K(r, A, 0) = Jo(A) + [1](A, 0) + K1 (7, A\, 0)
with

[J1](A, 0) = /O1 Ji(t, X, 0)dt.

Moreover, the new perturbation K1 possesses the estimate:

ak+€ kt1/2
4.4 ——Ki(m,\,0)| < C -\~
(4.4) ‘8/\’%)74 1 )‘ =

for k+£<5.

Proof. We will look for the required transformation ¥ determined by a generating
function F(¢, A, 0) in the following way:
OF OF

5 (t, A 0), —t+8)\(t,)\,0),

where the function F will be given later. Under ¥, the transformed system of (B:1])
is of the form

(4.5) 0=+ =

i oK dr 0K

@:_E(T7A50)5 @ a)\(T )\ 0)
where
oF oF oOF
K1, A, 0) = JQ(/\—I—a )—l—.]l(t)\—l—a 9)4‘@
By Taylor’s formula, one can write
OF
K(m,X,0) = Jo(A) + Jy(A) - rn + Ji(t, N, 0) + Ki(7, A, 0),

where

Ki(r, A, 0) = 8]:4- ( s)JY (AN +s 8;7:) (8;7:) ds

00 ot ot
8.]1 OF OF
+ . Do —(t,A+s E ,0) - En ——ds.

We now choose F:
t
1
F(t, A 0) = —/0 ey (J1(t, A, 0) = [J1](N, 0)) dt

Then K is of the form ({3).
To complete the proof, it suffices to show that Ky satisfies (4.4)).
From (B29) and (B3], it follows that

8k+€+z

(4.6) ONEOEL D!

F(t, )\,9)‘ < C-ATRHL2
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for k+i+4+¢ <6 and i =0, 1. In particular,

82
—F(t,\, 0
)
if A > 1. So one can solve the second equation of (@A) for ¢,

t=7+V(r,\0)

<C-AYV2<u)2

where the function V satisfies

oOF
V(Ta )\,0) - _E(T—’_ ‘/7>‘a0)
Set
U(r,\,0) = %(T—i—v, A 0).

Then the canonical transformation ¥ is of the form (@) Moreover, similar to the
proof of [2| Lemma 2], one can verify that

(4.7)
grtt k41/2 A k—1/2
— <C-\ — AO)<C- X
U A0 < ORI | S < 0t
fork+¢ <5 and U/A, V — 0 as A — +oo.
Let
BN = SrHVA),

1
bo(r N 0) = /O (1= $)J0(\+ sU) - U2ds,

1
p3(T, A, 0) = / %(T+V,/\+3U,9)-Uds.
o 0o
It is not difficult to prove that?]
ok+t
gz AT A0 < CoaTEHE,
ok+t
oA 0| < C AT,
okt 1
W¢3(T’ NO)| < C-ATPTR (N,

for k + ¢ < 5. Note that by (Z13),
Jo(\) < C - X327,

Hence we have
3

o+t o+t )2
e A0 < —— (T, \,0)| < C -\
oA )‘ = ; ot #i(mA0)| = C
for k + ¢ < 5. The proof is finished. O

3The proof is very analogous to the proof of the claim stated in §3, so we omit it here.
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For Ao > 0, denote by Ay, the annulus
Ayy = {(\,7,0)|]A > X and (7,0) € T?}.
In order to apply Moser’s twist theorem, we need the following:

Lemma 4.2. The Poincaré mapping P of {{-3) has the intersection property on
Ay t-e., if I' is an embedded circle in Ay, homotopic to a circle A = const. in
Ay, , then P(T)NT #0.

The proof can be found in [2].
Under the diffeomorphism ¥, on Ay, given by

(48) w=JyN, T=7, 0=0,
the transformed system of (2] is of the form
du dr
(49) @ _fl(Tuuve)7 @ _H+f2(7-uu79)7
where
(4.10)
8’C1 8[J1] 8’C1
_ g 9 _ U1
fl(T7M79)_ 0()‘) or (T7)‘50)a fQ(Ta/J’ve) O\ (A79)+ O\ (T7)‘50)a
with A = A(u) defined by (£3).
Now we estimate the functions f; and fs.
By (ZI13) and (33), we have
c- A7 < JH(\) < C- 271, '%(A,G)' <C- AT
Hence
(4.11) ¢ T < Mu)] < O o,

Obviously, A > 1 < p > 1. Moreover, by 2I0) and (ZI4), we have
8—k>\( )< C ()
g )| < C i M),

From (Z14), &), @4) and [I2), it follows that, for k + £ < 4,
okt
‘Wf :

(4.12)

(T,u,e)‘ < CopTFATERON) A2 <O AT ()

20
< C-ANT<LCO- u*ﬁzil 7

and

’ 8k+€ ‘

ot 21 0) C-u k. (A—W + )\‘QJO()\))

IN

C - (A2 ATy
< C A <O T

Now we are in a position to prove the statement of Theorem [Il.
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Proof of Theorem 1. Since the functions f; and fo are sufficiently small if p > 1,
one can verify easily that the solutions of {Z9) do exist for 0 < 6 < 1 if the intial
value p(0) = p sufficiently large. Integrating Eq. () from 6 = 0 to § = 1, we
obtain that the Poincaré mapping ® of (&3) is of the form

T = To + flo + Z1(70, o), p1 = o + Z2(70, po)s
where =1 and Z5 possess the estimates as well as f1 and fo, that is, for k + ¢ < 4,

ot r+t B
Sia i |3rgr <Cm™s
g9y ek
where 0g = 201/(1 — 201) > 0. Because ¥y is a diffeomorphism, ® possesses the
intersection property on A,,. Hence ® satisfies all the assumptions of Moser’s twist

theorem [13], [L5]. From this theorem, it follows that for any w > 1 satisfying

(4.13) ‘w - ]—;‘ > ¢ - g 7%,

there is an invariant curve I' of ® and on which ® is of the form
T =T0+w.

One can conclude that there exist invariant curves of the Poincaré mapping of the
system (2.1)), which surrounding the origin (z,y) = (0,0) and arbitrarily far from
the origin. So every solution of (21J) is bounded. O

Applying Aubry-Mather theory, one can prove the following conclusions:

Theorem 2. Under the conditions of Theorem [, there is g > 0 such that

(1) for any rational p/q € (0,e0), Eq. (L) possesses an unlinked periodic solu-
tion (Birkhoff type) with period q;

(2) for any irrational w € (0,e0), Eq. (I1) has generalized quasi-periodic solu-
tions with frequency (1,w) corresponding to the Mather set M,,;

(8) for any irrational w € (0,e0) with 1/w satisfying {{-13), there is a quasi-
periodic solution of (I1)) with frequency (1,w).
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